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Abstract
The theory of Mordell-Weil lattices is applied to a speciﬁc example of a rational
elliptic surface. This provides a complete description of the sections of this surface,
and of the sections which are deﬁned over Q. The surface is related to the diophantine
problem of expressing squares as a sum of consecutive squares. Some consequences
which our description has to this problem are discussed.
1 Introduction
In a letter dated 26–11–1992, J. Rung informed one of us about his and J. Werner’s
investigations concerning the equation
n−1 X
j=0
(x + j)
2 = y
2. (1)
It turns out that when one allows x,y to be rational numbers, then the Hasse principle
provides an easy description of the integers n for which solutions exist [Ru], [We]. Taking
n > 1 such that the equation is solvable, all solutions x,y can be described as the rational
points on a smooth quadric curve. Since one can eﬀectively ﬁnd a rational parametrization
of such a quadric, this settles the problem.
The above considerations follow essentially by regarding the equation for a ﬁxed n as a
quadratic equation in x,y. One could hope to ﬁnd some more information about possible
values of n for which solutions in integers x,y exist by taking a diﬀerent point of view. To
this end, we start (compare [Ru, Section 3]) by changing perspective in such a way that
also rational values of n obtain a meaning. Basic to this is the well known
1Lemma 1.1
n X
k=1
k
2 =
1
6
n(n + 1)(2n + 1).
Hence writing P(t) = 1
6t(t+1)(2t+1), integral solutions x,y to the original equations are
integral solutions of P(x + n − 1) − P(x − 1) = y2. From this point of view, a natural
related question is to ask for rational numbers n,m for which P(n) − P(m) is a square.
Multiplying by 4 and writing x = 2n + 1 and t = 2m + 1, this leads to the equation
6η2 = (x3 − x) − (t3 − t).
There are several ways of regarding this as an equation in two variables over the ﬁeld
of rational functions in one variable. For most of this note, we consider it over a function
ﬁeld in the variable t. The equation then deﬁnes an elliptic curve over Q(t). By a suitable
generalization of the classical Mordell-Weil theorem (compare [Shi, Thm. 1.1] and its proof
for a modern account of this), we conclude that the group of C(t)-rational points is a ﬁnitely
generated abelian group (we use the standard convention of taking the point at inﬁnity as
neutral element for the group law). It follows that the set of C(t)-rational points equals
the set of Q(t)-rational points (with Q the algebraic closure of Q in C).
We will show that the rank of this group is 2 and we will provide explicit generators.
Also, generators of the subgroup of Q(t)-rational points, which turns out to be a group
isomorphic to Z ⊕ Z/2Z, will be given. Finally we construct quadratic extensions of Q(t)
obtained by adjoining the square root of a quadratic polynomial in t, and which have the
property that the rank over the quadratic extension is strictly larger (in fact, equals 2). In
a small table at the end some numerical examples are given.
2 the elliptic surface
Consider the elliptic curve over Q(t) deﬁned above. It is convenient to write y =
√
6η; the
equation then becomes
y
2 = (x
3 − x) − (t
3 − t).
This equation corresponds to a minimal elliptic surface over the t-line. The ﬁbres over a
given t-value are elliptic curves, except for 5 values of t (for a description of the types of
singular ﬁbres given below see [MF IV, p. 46]):
Lemma 2.1 The minimal elliptic surface over the t-line deﬁned by y2 = (x3−x)−(t3−t)
has bad ﬁbres only for
t such that t2 = 1
3; here the ﬁbre is of type I2;
2t such that t2 = 4
3; here the ﬁbre is of type I1;
t = ∞; here the ﬁbre is of type I∗
0.
Proof. This follows immediately from Tate’s algorithm as described in [MF IV, pp. 47–52].
To deal with the case t = ∞, one changes the model according to the change of variables
t = 1/s,ξ = x/s2 and η = y/s3. This yields the model η2 = ξ3 − s4ξ − (s3 − s5) which is
easily seen to have a ﬁbre of type I∗
0 over s = 0 in its minimal model. 2
We are interested in the group of sections of the elliptic surface deﬁned here. This is
not just a group; it comes with the additional structure deﬁned by the canonical height.
A modern introduction to this can be found in [Shi]. The height pairing induces the
structure of a positive deﬁnite lattice called a Mordell-Weil lattice on the group of sections
modulo the torsion sections. The theory of Mordell-Weil lattices is of great help in ﬁnding
generators of the group of sections as we will see in the example treated here.
To ﬁx some notation, denote by E the elliptic curve over Q(t) deﬁned by the equation
y2 = (x3−x)−(t3−t). Further, we write A∗
1 for the lattice Z equipped with the quadratic
form ha,bi = 1
2ab. This notation is standard in the theory of lattices; A∗
1 is the dual lattice
of the root lattice A1.
Lemma 2.2 The group E(Q(t)) equipped with the canonical height pairing is isomorphic
to A∗
1 ⊕ A∗
1 ⊕ Z/2Z.
Proof. The group E(Q(t)) equals the group of sections of the minimal elliptic surface we
introduced. This surface is a rational elliptic surface; one may use [Shi, p. 238 (10.14)’]
to prove this. Alternatively, it is easy to write down an explicit rational parametrization
by considering the deﬁning equation as a quadratic equation in the variables x and y over
the ﬁeld Q(x − t). For such surfaces, the ﬁnite list of possible structures for the group of
sections equipped with the height pairing is given in [Og-Shi]. The fact that our surface
has two I1-ﬁbres, two I2-ﬁbres and an I∗
0-ﬁbre determines our group as item 34 in the list
of [Og-Shi, p. 85]. We read from that list that this one has group A∗
1 ⊕ A∗
1 ⊕ Z/2Z. 2
The point of order 2 that exists according to the lemma above is of course easily found.
It is given by x = t,y = 0. What remains is to ﬁnd generators for a free part, which
according to the lemma is the same as ﬁnding two independent points whose canonical
height is 1
2. Again the theory of Mordell-Weil lattices is very useful. Firstly, it tells us
that these generators can be found among the points whose x-coordinate is of the form
3x = at2 + bt + c for constants a,b,c [Shi, Thm. 10.10]. In fact this result seems to be due
to Manin and it dates back to the beginning of the 60’s. In our particular example we now
show that in fact the generators must have a polynomial of degree 1 as x-coordinate.
To this end, recall that a point on E has an x-coordinate which is given by a polynomial
of degree at most 2 if and only if the section corresponding to this point does not intersect
the zero section. Hence the canonical height of such a point P is given by (compare [Shi,
Thm. 8.6 and table (8.16)])
hP,Pi = 2 − contr∞(P) − contr 1
3
√
3(P) − contr− 1
3
√
3(P).
Here the numbers contrα(P) are 0 when the section deﬁned by P intersects the ﬁbre of our
elliptic surface above α in the identity component; if it intersects in an other component, the
number is 1 in the case α = ∞ and it is 1
2 in case α2 = 1
3. To see what happens at the ﬁbre
over inﬁnity, we change the model as we did before by writing ξ = x/t2,η = y/t3,s = 1/t.
In these new coordinates, the point we consider has ξ-coordinate a + bs + cs2. Hence the
point reduces to a smooth point at s = 0 precisely when a 6= 0. In other words, for a point
P with x-coordinate given by at2 + bt + c we have contr∞(P) = 0 whenever a 6= 0 and
contr∞(P) = 1 for a = 0.
The above discussion shows that such a point has height 1
2 precisely when its x-
coordinate is given by a polynomial of degree at most 1 and the point reduces to a singular
point at exactly one of the two t-values satisfying t2 = 1
3. It is a routine matter to compute
all such points. Write the x-coordinate of any such point as at + b. This deﬁnes a point
on E precisely when
(at + b)
3 − (at + b) − t
3 + t
is a square as a polynomial in t. The complete list of all such x-coordinates is given by
t, t + 2, t − 2 ρt + iρ
2, ρt − iρ
2, ρ
2t + iρ, ρ
2t − iρ,
where we have ﬁxed a primitive cube root of unity ρ and a primitive fourth root of unity i.
To calculate heights of these points, note that the singular point in the ﬁbres at t2 = 1
3
is given by x = t,y = 0. Hence in the table above, the ﬁrst entry corresponds to height
2 − 1 − 1
2 − 1
2 = 0, which we already knew since this is the point of order 2. The next two
entries correspond to points of height 1, and all others to points of height 1
2.
4To ﬁx points, take ρ = −1
2 + 1
2i
√
3 and ζ8 = 1
2
√
2 + 1
2i
√
2 in C and consider the points
Pi on E given in the following table.
x-coordinate y-coordinate
P0 t 0
P1 ρt + iρ2 −
√
3ζ8ρ2(t + 1
3i(1 + 2ρ))
P2 ρt − iρ2 √
3ζ3
8ρ2(t − 1
3i(1 + 2ρ))
P3 ρ2t + iρ
√
3ζ8ρ(t − 1
3i(1 + 2ρ))
P4 ρ2t − iρ −
√
3ζ3
8ρ(t + 1
3i(1 + 2ρ))
One calculates 2P0 = 0 and P3 = P0 − P1 and P4 = P0 − P2. From what we already know
about E(Q(t)), we may now conclude
Proposition 2.3 With notations as above,
E(Q(t)) = E(Q(
√
−1,
√
−3,
√
2)(t)) = ZP0 ⊕ ZP1 ⊕ ZP2.
3 the Galois action on the sections
Recall that for the original problem mentioned in the introduction, one is interested in
points on E of the form

x(t),
√
6η(t)

, with x(t),η(t) ∈ Q(t). To ﬁnd these, we will use
Proposition 2.3 above and we will study the action of Galois on the generators we found.
Write
Gal(Q(
√
−1,
√
−3,
√
2)/Q) = hσ−1,σ−3,σ2i,
where σ−1 changes the sign of the square root of -1, and ﬁxes the square roots of −3 and
2. The other σi’s are deﬁned analogously. Note that the points P =

x(t),
√
6η(t)

we are
interested in are precisely the points with σi(P) = −P for all three σi’s given above. The
action of these Galois elements on the generators of the Mordell-Weil group of E is given
in the following table.
σ−1 σ−3 σ2
P0 P0 P0 P0
P1 −P2 P0 − P1 −P1
P2 −P1 P0 − P2 −P2
From this one concludes that the subgroup of points we are looking for is generated by P0
and P1 + P2. In coordinates, generators are provided by (t,0) and

t + 2,
√
6(t + 1)

. We
formulate this result in terms of the equation mentioned in the introduction.
5Proposition 3.1 Denote by E0/Q(t) the elliptic curve deﬁned by the equation
6y
2 = (x
3 − x) − (t
3 − t).
Then
E
0(Q(t)) = Z ⊕ Z/2Z,
with generators Q = (x,y) = (t + 2,t + 1) of inﬁnite order and T = (x,y) = (t,0) of order
2.
4 remarks on integral solutions
We now return to the original problem of ﬁnding sums of consecutive squares which are
themselves squares. As we indicated in the introduction, this means searching for odd
positive integers x,t satisfying
(x
3 − x) − (t
3 − t) = 6η
2
for an (automatically even) integer η. The two generators given in the preceding section
have a very easy interpretation in terms of this. The section of order 2 corresponds to the
fact that the empty sum of consecutive squares is a square; i.e.,
n X
k=1
k
2 −
n X
k=1
k
2 is a square.
The generator of inﬁnite order is hardly more interesting; it reveals the fact that
n+1 X
k=1
k
2 −
n X
k=1
k
2 is a square.
In order to ﬁnd parametrized examples of this kind which are more interesting, we now
describe all the solutions to 6y2 = (x3 − x) − (t3 − t) in Q(t) such that both x and y are
polynomials in t.
Proposition 4.1 As before let E0/Q(t) be the elliptic curve deﬁned by the equation
6y
2 = (x
3 − x) − (t
3 − t).
The only points in E0(Q(t)) with coordinates in Q[t] are
±Q = (x,±y) = (t + 2,t + 1),
T = (x,y) = (t,0),
±Q + T = (x,±y) =

1
2(3t − 1)(t + 1), 1
4(t + 1)(3t2 − 1)

.
6Proof. This follows using a bound derived in [H-S] for the height of integral points in a
function ﬁeld setting. One should note however, that the height we used above is twice
the height used in loc. cit. This is easily veriﬁed using an algorithm for calculating that
height, as given in [Ku, p. 205]. With this in mind, one derives from [H-S, Cor. 8.5] that
if P is a point in E0(Q(t)) with coordinates in Q[t], then hP,Pi ≤ 2(25 · 1
2 + 2 · 1) = 29.
Since the generators Q and T given in Proposition 3.1 have heights 1 and 0 respectively,
one concludes that all the Q[t]-integral points can be found inside the set
{nQ | − 5 ≤ n ≤ 5} ∪ {nQ + T | − 5 ≤ n ≤ 5}
A direct calculation (for which we used the software package PARI) reveals that only the
cases n = ±1 actually yield points with coordinates in Q[t]. 2
The points ±Q+T here do not give a parametrized solution to the original problem of
ﬁnding sums of consecutive squares which are themselves squares. Namely, to have such a
solution we need t to be an odd integer. But then x = (3t − 1)(t + 1)/2 is an even integer
and we also need x to be odd. In fact this observation tells us that for variable n, if we
start at the square n2, no polynomial f(n) 6= 1 exists such that if we take exactly f(n)
squares n2,...,(n + f(n) − 1)2 then their sum is a square.
5 double covers of the elliptic surface
In Section 2 of [Ru], Rung looks for solutions to (1) by ﬁxing the length n ﬁrst. In fact,
he proved that if n has one of the following forms, then there exist non-trivial solutions to
(1).
a) n = 3m2 − 1,
b) n = m2.
(To be a little more precise, in case (b) one should assume that m is not a multiple of 3.)
It is easy to see that a), for example, will give us a parametric solution
x = 3m
2 + m − 1, y = m(3m
2 − 1), t = −3m
2 + m + 1.
This situation can be interpreted as follows. If we consider the map P1
m → P1
t deﬁned by
m 7→ t = −3m2 + m + 1, the above solution is a section of the elliptic surface deﬁned as
7the base change E ×P1
t P1
m. In this section we generalize this idea and consider the elliptic
surface deﬁned by the equation.
6y
2 = (x
3 − x) − (f(m)
3 − f(m)),
where f(m) is a polynomial of degree 2. The reason we conﬁne ourselves to degree 2
polynomials is that the surface remains a rational surface and we can make eﬀective use of
the theory of Mordell-Weil lattices of such surfaces.
By a suitable change of coordinates, we may assume that f(m) is given by Am2 + B.
Thus we now consider the elliptic surface
Em : 6y
2 = (x
3 − x) − ((Am
2 + B)
3 − (Am
2 + B)).
Using Tate’s algorithm, we see that Em has four I2-ﬁbers and four I1-ﬁbers unless A = 0,
B = ±1/
√
3 or B = ±2/
√
3. Of course we are not interested in these three exceptional
cases here, hence we exclude them. Thus, the Mordell-Weil group of the surface E(Q(t))
is the item No.13 in the list of [Og-Shi]. It is isomorphic to D∗
4 ⊕ Z/2Z.
Notice that the equation of Em is invariant under the involution ι : m 7→ −m. The
sections coming from the original surface are characterized as the ones invariant under ι.
The vector space Em(Q(m))⊗R splits into the eigenspaces of ι. The subspace corresponding
to the eigenvalue 1 is spanned by the sections coming from the original surface. We now
look for the eigenspace corresponding to the eigenvalue −1. If there is a section of minimal
height in this eigenspace, it is of the form
x = am
2 + b, y = m(cm
2 + d). (2)
We look for rational numbers A and B such that there exist rational sections of the above
form. This amounts to solving the simultaneous equations

     
     
b − B − b3 − B3 = 0
6d2 + a − 3ab2 + 3AB2 − A = 0
3A2B − 3a2b + 12cd = 0
−a3 + A3 + 6c2 = 0
The ﬁrst equation factors to (B − b)(B2 + Bb + b2 − 1). The second factor has a rational
solution for b if and only if B is of the form 4k/(3k2 + 1). Further calculation shows,
however, that in this case there exist rational sections of above type only when we extend
8the ground ﬁeld to Q(
√
−3). So, we set B = b. Eliminating the variables c and d from the
remaining equations, we have
−(a − A)
2 
3a
2B
2 − 4a
2 − 6aAB
2 − 4aA + 3B
2A
2 − 4A
2

= 0.
The solution a = A will give us a 2-torsion section. For the second factor to have a rational
solution in a, the discriminant 48(3B2 − 1)A2 has to be a perfect square. This is satisﬁed
if and only if B is of the form
B = −2
k2 − 3k + 9
3k2 − 27
.
If this is the case we have either
a = −
A(2k2 − 6k − 9)
k2 + 6k − 18
, or a = −
A(k2 + 6k − 18)
2k2 − 6k − 9
.
Substituting this in the last equation, we have
c
2 = −
3A3 (k − 3)(k + 3)(k2 − 3k + 9)
2
2 (k2 + 6k − 18)
3 , or c
2 = −
3A3 (k − 3)(k + 3)(k2 − 3k + 9)
2
2 (2k2 − 6k − 9)
3 .
If we take A such that either one of the above become a perfect square, we obtain a rational
section. If we could make each of them a perfect square simultaneously, we could have more
rational sections. The condition for this is
(k
2 + 6k − 18)(2k
2 − 6k − 9) = square.
Unfortunately, it is easy to see that this condition cannot be satisﬁed. In fact, reducing it
modulo 3, we have 2k4 ≡ square mod 3, but 2 is not a quadratic residue modulo 3.
Summarizing all this, we conclude that if Em has a rational section of the form (2), we
can ﬁnd a suitable change of variables such that f(m) becomes one of the two forms
f(m) = −2
(k2 + 6k − 18)m2 + (k2 − 3k + 9)
3(k2 − 9)
,
or
f(m) = −2
(2k2 − 6k − 9)m2 + (k2 − 3k + 9)
3(k2 − 9)
.
If this is the case, we have a rational section
(x,y) =
 
2((2k2 − 6k − 9)m2 + k2 − 3k + 9)
3(k2 − 9)
,
2((k2 − 3k + 9)m3 + (k2 − 12k + 9)m)
3(k2 − 9)
!
,
9or
(x,y) =
 
2((k2 + 6k − 18)m2 + k2 − 3k + 9)
3(k2 − 9)
,
2((k2 − 3k + 9)m3 − (k2 − 12k + 9)m)
3(k2 − 9)
!
.
respectively.
If we substitute k = −1 in the second form of f(m) and make the change of variable
m 7→ 6m − 1, we recover Rung’s case (a). Namely, for k = −1 one ﬁnds f(6m − 1) =
−3m2 +m+1 which is exactly what is substituted for t in that case. As for case (b), this
corresponds to substituting t = (2−2m2)/3. One obtains it by setting k = 0 in the second
f(m).
The following are examples of (A,B)’s that give rational sections of the above type.
(A,B) =

−
4
3
,
2
3

,
4
9
,−
14
9

,

−
11
12
,
7
12

,

−
23
12
,
13
12

,

−
2
3
,
2
3

,

−
22
9
,−
14
9

,

−
13
12
,
7
12

,

−
1
12
,
13
12

,...
In general it seems hard to say which pairs (A,B) provide genuine solutions to (1) as
found by Rung. One requirement is that the function t = Am2 + B assumes integral, odd
values on certain rational numbers m. For instance, if k = −1 then the second possibility
for A yields t = (−m2 + 13)/12 which is an odd integer provided m ≡ ±1 mod 6. This
then gives the case (a) above of Rung. However, a search over small integral values of k
did not give us any new examples of this sort.
In theory we can ﬁnd all the polynomial solutions for any given k, but the necessary
computation seems to be too complicated to carry out.
We now take a closer look at Rung’s cases (a) and (b). First we consider the case (a)
given by
6y
2 = x
3 − x − (−3m
2 + m + 1)
3 + (−3m
2 + m + 1).
Four points on this curve are:
P0 = (−3m
2 + m + 1,0),
P1 = (−3m
2 + m + 3,−3m
2 + m + 2),
P2 = (3m
2 + m − 1,m(3m
2 − 1)),
P3 =

69m
2 − 23m + 3,(6m − 1)(39m
2 − 13m + 2)

.
Here, P0 and P1 are the points in Prop.3.1, P2 comes from Rung’s Satz 3, and P3 is obtained
by the computation in this section. A machine calculation shows that the height matrix
10with respect to P1, P2, and P3 is given by




2 −1 0
−1 1 −1
0 −1 2




This indicates that the point P1 +P3 +2P2 has height 0. In fact, we have P1 +P3 = −2P2.
It is not hard to see that P1 and P2 form a basis for Em(Q(m))/Em(Q(m))tors. In theory it
is possible to carry out a computation analogous to the one in the proof of Prop.4.1, but
this seems to be much more elaborate in this case, and we are not going to carry it out
here.
In the case (b) Rung’s point ((4m2 + 2)/3,m(2m2 + 1)/3) coincides with the point
obtained by the method in this section. Computation shows that the sum of this point
and the point of inﬁnite order coming from Prop.3.1 is twice the point
((4m
2 + 6m − 1)/3,(m + 1)(2m
2 + 2m − 1)/3).
The height matrix with respect to these three points equals the above one.
6 Numerical computations
The theory of Mordell-Weil lattices of rational elliptic surfaces provides us a powerful tool
to ﬁnd solutions to our equation systematically. On the other hand, there are solutions
which are not obtained by this method. We conducted a simple numerical search. In the
previous sections the ranks over Q(t) resp. Q(m) of the Mordell-Weil groups we computed
are at most 2. However there are special values of t such that the rank of the group of
Q-rational points is strictly larger than 2. The following is a list of such t together with a
set of integral points which are on the curve given by
6y
2 = x
3 − x − (t
3 − t)
linearly independent.
t = 13, (x,y) = (59,184),(79,286),(381,3036),
t = 39, (x,y) = (41,40),(43,58),(66,195),(87,316),
t = 49, (x,y) = (97,364),(101,390),(147,714),(1249,18020),
t = 63, (x,y) = (1219,17374),(8175,301756),(122563,17517150),
t = 75, (x,y) = (97,286),(193,1062),(1373,20768).
11Except for t = 39,(x,y) = (66,195), these points (t,x,y) on the elliptic surface give us
solutions to the original problem.
More integral points can be found by computing small linear combinations of the ones
above. In case t = 13 for example, this provides one with the additional integral points
(24,44) (which does not correspond to a nice sum of consecutive squares) and also (113,490)
and (4431,120414). As another example, for t = 49 one quickly ﬁnds the three new points
(1157,16066), (7251,252070) and (43249,3671880). In terms of the original problem, the
last of these solutions reveals the fact that
25
2 + 26
2 + 27
2 + ... + 21523
2 + 21624
2
is a perfect square (namely, 18359402).
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